Abstract. In this paper we provide a closed formula for the minimal Tjurina number of an equisingularity class in terms of the sequence of multiplicities of the strict transform along a resolution. As a consequence, we give a positive answer to a question of Dimca and Greuel about the quotient between the Milnor and the Tjurina numbers for any irreducible germ of plane curve singularity.
Introduction
Let (C, 0) be a germ of an isolated plane curve singularity with equation f ∈ C{x, y}. Associated to (C, 0) one has the Milnor number µ and the Tjurina number τ which are defined respectively as µ := dim C C{x, y} (∂f /∂x, ∂f /∂y) , τ := dim C C{x, y} (f, ∂f /∂x, ∂f /∂y) .
The Milnor number is a topological invariant of the singularity, that is, invariant in the equisingularity class of (C, 0). On the other hand, the Tjurina number is an analytic invariant, but not in general topological. One of the main questions in Singularity Theory is elucidate to what extend the topology of a germ of a singularity determines its analytical properties.
There are different topological invariants which determine the equisingularity class of the curve. For an irreducible curve (C, 0) we highlight two of these invariants: the semigroup of values obtained as the intersection multiplicity of (C, 0) and any other germ of curve at the origin, and the sequence of positive multiplicities of any resolution of (C, 0). As it will be further detailed in section 4, generic curves in the equisingularity class of a plane branch attain a minimal Tjurina number τ min which is in fact a topological invariant. However, an explicit formula for τ min in terms of the equisingularity class is still not known, and this is the main aim of the present paper. This is related one of the main ideas in the work of Némethi that is "to investigate if an invariant, a priori defined from the analytic structure of a germ of singularity, is topological or not", see for example [11] .
There have been some attempts to prove a closed formula for τ min in the literature. Most of those attempts give an expression of τ min in terms of the semigroup of the branch. For the case of one Puiseux pair (n, m) with gcd(n, m) = 1, Zariski proves in [15, §VI] that the dimension of the generic component of the moduli space is
On the other hand, Delorme in [4] gives a recursive formula for the dimension of the generic component in terms of the continued fraction of m/n. Both results together give a formula for τ min in the case of a branch with one Puiseux pair. For a specific family of branches with two Puiseux pairs with semigroup 2p, 2q, 2pq + d Luengo and Pfister give a closed formula for τ min in [9] .
Briançon, Granger and Maisonobe in [2] give a recursive formula for the minimal Tjurina number for the specific family of curves f = f 0 + g which are a deformation of the initial term f 0 = y n − x m such that deg w (f 0 ) < deg w (g), which are known as semi-quasihomogeneous singularities with weights w = (n, m), n, m ≥ 2.
Finally, Peraire in [12] gives an expression τ min in terms of the generic set of values ∆ gen of the module of Kähler differentials for any irreducible plane curve singularity with any number of Puiseux pairs. The inconvenient of her approach is that ∆ gen is determined algorithmically an it provides no explicit description for τ min in terms of the equisingularity invariants.
In this paper, we provide a closed formula for the minimal Tjurina number in an equisingularity class for any germ of irreducible plane curve singularity, see Theorem 4. As a consequence, we give a positive answer, of any irreducible plane curve singularity, to the following question posed by Dimca and Greuel in [5] : Question 1. Is it true that µ/τ < 4/3 for any isolated plane curve singularity?
Since τ is an upper-semicontinuous invariant, it is enough to prove the inequality for µ/τ min . Using the results explained above, in [1] , the second and third named authors showed that Question 1 has a positive answer in two cases: the case of one Puiseux pair and for semi-quasi-homogeneous singularities.
Preliminaries
In this section we will introduce the basic notions and notations of resolution of singularities for an irreducible germ of plane curve singularity (C, 0), also called plane branch. We refer to [3] and [13] for a more detailed study.
Consider s(x) = j a j x j/n the Puiseux series of the branch (C, 0). The set of characteristic exponents {β 1 /n, . . . , β g /n} is defined as β 1 := min{j | a j = 0 and j / ∈ nZ}, β i := min{j | a j = 0 and j / ∈ e i−1 Z} with e i−1 := gcd(n, β 1 , . . . , β i−1 ). The Puiseux parameterization (x(t), y(t)) = (t n , s(t n )) of the branch defines a morphism
and a discrete valuation v of O C,0 via v C (g) := ord t (g(x(t), y(t))), g ∈ O C,0 , which coincides with the intersection multiplicity of (C, 0) with the germ of curve defined by g. Then, the semigroup of values of (C, 0) is defined as Γ(C) :
The semigroup of (C, 0) is finitely generated, i.e. Γ(C) = β 0 , . . . , β g , where the β i can be expressed as
be an embedded resolution of (C, 0), where E := Exc(π) denotes the exceptional divisor of π. The morphism π can be seen as the composition of point blowing up
Here, π p is the blowing up of the point p and
The divisor E 0 is also called the first infinitesimal neighbourhood of the origin. The i-th neighbourhood of the origin is the set of points in the first neighbourhood of any point in the (i − 1)-th neighbourhood of the origin. The points in any of this neighbourhoods are called points infinitely near to the origin. The strict transform C p i of (C, 0) at p i is defined as the Zariski closure of (
The points in the embedded resolution of an irreducible germ (C, 0) are sequentially ordered by the order of neighbourhood of the origin and hence the multiplicities of (C, 0) make a sequence. In the same way, the positive multiplicities of any resolution of (C, 0) make a sequence. We will denote by the same symbol E p and its strict transforms on S and on any intermediate blown-up surface. An infinitely near point p is proximate to q if p ∈ E q . We will say that p is free (resp. satellite) if it is proximate to one (resp. two) point equal or infinitely near to the origin. The combinatorics of the resolution, i.e. the proximity relations, can be encoded as different graphs structures all of them equivalent: the Enriques diagram, the labeled dual graph, the Eisenbud-Neumann graph, the Eggers-Wall tree, etc., see [3] and [13] for more details.
Given a germ of plane branch (C, 0) there is a classical result which expresses the Milnor number of (C, 0) in terms of the sequence of multiplicities of any resolution of (C, 0),, see for instance [3, 6.4 
where the summation runs on all points p equal or infinitely near to the origin. Both µ(C) and the sequence of multiplicities {e p } p are topological invariants, that is, they are invariants of the equisingularity class of (C, 0). Furthermore, any finite sequence of positive {e p } p which includes all the points p along a resolution of (C, 0) determines the equisingularity class of (C, 0).
The monomial curve and its deformations
Let Γ = β 0 , β 1 , . . . , β g ⊆ Z ≥0 be the semigroup of a plane branch. Following [14] , let (C Γ , 0) ⊂ (C g+1 , 0) be the curve defined via the parameterization
The germ (C Γ , 0) is irreducible since gcd(β 0 , . . . , β g ) = 1. Moreover, (C Γ , 0) is a quasihomogeneous complete intersection, see [14, I.2] . The monomial curve C Γ has the following important property:
Theorem 1 ([14, I.1]). Every branch (C, 0) with semigroup Γ is isomorphic to the generic fiber of a one parameter complex analytic deformation of (C Γ , 0).
Therefore, every branch (C, 0) with semigroup Γ is analytically isomorphic to one of the fibers of the miniversal deformation G : (
The dimension of the base D of the miniversal deformation of (C Γ , 0) equals µ, the Milnor number of the equisingularity class of plane branches with semigroup Γ, see [14, Prop. 2.7] .
After [14, Thm. 3], we will denote by τ − the dimension of the base (D Γ , 0) of the miniversal constant semigroup deformation of (C Γ , 0). Let us denote by (C v , 0), v ∈ D Γ any fiber of the miniversal semigroup constant deformation of (C Γ , 0). We will denote by τ (C v ) the dimension of the base of the miniversal deformation of (C v , 0). Similarly, we denote by q(C v ) the dimension of the base of the miniversal constant semigroup deformation of the fiber (C v , 0).
By the product decomposition theorem [14, Addendum 2.1], the germ of
where D Γ,v is the base of the miniversal constant semigroup deformation of (C v , 0). Thus, one has the following relation
In the same way that µ can be expressed in terms of the sequence of multiplicities along the resolution of any plane branch with semigroup Γ, see Equation (1), the same is possible for τ − as we are going to show next. Assume now that (C v , 0), v ∈ D Γ is a plane branch and take f ∈ C{x, y} any equation of (C v , 0). Proposition 1. The dimension of the miniversal µ-constant unfolding of f equals τ − .
Proof. The miniversal unfolding of the equation f has a base of dimension µ. Let us denote by ϑ the dimension of the base of the miniversal µ-constant unfolding of f . The codimension of the µ-constant stratum is then µ − ϑ. Now, since the miniversal unfolding of f is a versal deformation of (C v , 0), the codimension of the µ-constant strata of both deformations coincide. The curve (C v , 0) being plane implies that µ-constant is equivalent to constant semigroup, [8] , and hence, τ (C v ) − q(C v ) = µ − ϑ. Finally, by Equation (2), ϑ equals τ − .
Finally, the dimension of the µ-constant stratum of the miniversal unfolding of any reduced f ∈ C{x, y}, which we will also denote by τ − after Proposition 1, is computed by Mattei [10] in terms of the sequence of multiplicities of the strict transform along the embedded resolution of the germ (C, 0).
Theorem 2 ([10, Thm. 4.2.1]).
The dimension of the µ-constant stratum of the miniversal unfolding of f equals
where the summation runs on all points p equal or infinitely near to the origin and (a) e Remark. It might be worth noticing that the quantity on the left (or right) hand-side of Equation (2) coincides with the codimension τ es of the equisingularity ideal I es of (C v , 0), see for instance [7] and the references therein. Γ ) is the moduli space M Γ of plane branches with semigroup Γ in the sense of Zariski [15] . Moreover, M Γ = M Γ if and only if Γ is generated by two elements.
The dimension of the generic component of the moduli space
Following [15] , we define the generic curve C v of the moduli space M Γ as the fiber corresponding to the generic point v in the base space D Γ of the miniversal semigroup constant deformation. By the discussion in the previous paragraph, C v is a plane branch and coincides with the generic fiber defined in M Γ . Since τ (C v ) coincides with the dimension of the Tjurina algebra of (C v , 0), it is upper-semicontinuous and we can define τ min := τ (C v ). Similarly, after Equation (2), it makes sense to define q min := q(C v ).
The quantity q min is the dimension of the generic component of the moduli space M Γ of branches with semigroup Γ, see [14, Thm. 6] . Therefore, after applying Equation (2) to the generic branch (C v , 0) one has that
and, after Theorem 2, computing q min is equivalent to computing τ min .
Recently, Genzmer in [6] , computed the dimension of the generic component of the moduli space q min for any plane branch (C, 0) in terms of the sequence of multiplicities of the strict transform along the minimal embedded resolution of the germ (C, 0). With the same notations from Theorem 2, Theorem 3 ( [6] ). The dimension of the generic component q min of the moduli space of plane branches with semigroup Γ equals
where the summation runs on all points p equal or infinitely near to the origin and
, if k is odd.
The minimal Tjurina number of an equisingularity class
This section is devoted to present a closed formula for the minimal Tjurina number τ min of an equisingularity class of a plane branch (C, 0) in terms of the sequence of multiplicities {e p } p . From the formula for the τ min , some consequences will be inferred, including a positive answer to Dimca and Greuel's question on the quotient µ/τ of any plane branch. where the summation runs on all points p equal or infinitely near to the origin.
Proof. Using Equation (3) we have τ min = q min + µ − τ − , from Theorems 2 and 3 the claimed formula follows.
A fortiori, we can see from Theorem 4 that the τ min of an equisingularity class depends only on the minimal resolution of (C, 0) and not on the minimal embedded resolution. Furthermore, the formula works for any resolution of (C, 0), minimal or not.
This formula for τ min enables us to give a positive answer to Dimca and Greuel's question, see Question 1, in the case of any plane branch. Before proving this, we need the following property of the sequence of multiplicities. Lemma 1. For any plane branch singularity of multiplicity n, p sat.
where the summation runs on all satellite infinitely near points p.
Proof. Consider the finite sequence of positive multiplicities {e p } p along the minimal embedded resolution of the plane branch. From Enriques' theorem [3, Thm. 5.5.1] one has that n + p free e p = β g , where β g /n is the last characteristic exponent. On the other hand, from [3, Ex. 5.6] , p e p = β g + n − 1, where this summation runs on all points p equal or infinitely near to the origin. Since all the satellite points for which e p is positive are included in the sequence of points blown-up in the minimal embedded resolution, the result follows.
Finally, we get the announced positive answer to Dimca and Greuel's question as a Corollary of Theorem 4. Proof. It is enough to prove the inequality for the τ min of each equisingularity class of plane branches. We will show that 4τ min − 3µ > 0. From Theorem 4 and Equation (1) we have that
(4σ(e p + 2) − e p (e p − 1)) .
Finally, using Lemma 1
(e p − 1) > 0, and the result follows, since n ≥ 2.
As a direct consequence of Theorem 4 we also obtain the following lower bound for τ :
Corollary 2. For any plane branch,
The bound from Corollay 2 is sharp, as one can easily check for the cusp singularity. From the formula from Equation (4) and Theorem 4, we can infer the following: σ(e p + 2),
where the summation runs on all points p equal or infinitely near to the origin.
